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Abstract
This paper gives a method that maps the static magnetic field due to a system of parallel current-carrying
wires to a complex function. Using this function simplifies the calculation of the magnetic field energy
density and inductance per length in the wires, and we reproduce well-known results for this case.
1
This paper points out a method based on complex analysis1 that may yield a simplification
in the calculation of the inductance of a system consisting of parallel wires. The method is an
interesting example of applying complex analysis in its own right, and reproduces well-known
results2,3. There are many papers using similar techniques using stream functions in fluids to
understand vortices4, and also some magnetic field problems, mostly in the absence of currents5.
Ampere’s law in SI units in integral form is
∮
c
B · dr = µ0Ienc, (1)
where Ienc is the current puncturing the area enclosed by path c, with the sign of the current given
by the right hand rule.
If the path c is in the x-y plane, Ampere’s law formally looks like
∮
c
(
Bxdx + Bydy
)
= µ0I, (2)
with positive currents I moving in the positive z-direction.
Consider a complex function f (z) of z = x + iy, such that f (z) = Bx − iBy. Then substituting
f into the contour integral
∫
c
f (z)dz, where the contour c in the complex plane is identical to the
path of the line integral in (2) (meaning the same x- and y-values are traversed in the line integral
as in the complex contour integral), yields
∫
c
f (z)dz =
∮
c
(
Bxdx + Bydy
)
+ i
∮
c
(
Bxdy − Bydx
)
. (3)
Therefore, ∮
c
B · dr = Re
{∫
c
f (z)dz
}
= µ0Ienc.
Now let’s take a look at the imaginary part of the complex integral (3). This is
∮
c
(
Bxdy − Bydx
)
.
This can be written in terms of a parameter t that parameterizes the contour as
∫ t2
t1
(
Bx
dy
dt − By
dx
dt
)
dt.
The integrand is formally Bxvy − Byvx = − (v × B)z. This is proportional to the z-component of
the Lorentz force on a charge. Now, let’s suppose a test charge moves in a small circle of radius r,
with a constant speed v in the x-y plane around a wire carrying constant current I in the z-direction
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The magnetic field from the wire points parallel or antiparallel to the motion of the particle, and
therefore the force in the z-direction is zero. The imaginary part of the complex integral (3) around
the contour corresponding to this small circle vanishes. Since the complex integral can be written
as the sum of integrals around small contours around its poles, this means that the imaginary part
of the complex integral should vanish.
We are left with ∫
c
f (z)dz =
∮
c
B · dr = µ0I (4)
as our condition on f to be Bx − iBy. Hence, since by the residue theorem,
∫
c
f (z)dz = 2piiR,
where R is the sum of the residues of f enclosed in c, we have that
2piiR = µ0I. (5)
A simple form of f which satisfies (4) for a wire carrying current I in the z-direction at (x0, y0)
is
f (z) = µ0I
2pii (z − z0) , (6)
where z0 = x0 + iy0. Taking the real and imaginary parts of f (z), and comparing with f = Bx − iBy,
we find
Bx = −
µ0I
2pir
y − y0
r
,
By =
µ0I
2pir
x − x0
r
, (7)
where r2 = (x − x0)2 + (y − y0)2. This is precisely the field B = µ0I2pir ˆφ that one expects according to
Ampere’s law.
The reader can easily see that (6) is not unique in yielding an integral whose residue obeys (5).
In fact adding any analytic function to (6) will give an identical result and the condition ∇ · B will
hold as well. For the purpose of this paper, we will choose (6) because it yields the expected field
for a single wire. Now, it is straightforward to generalize (6) to any number of wires carrying
current in the z-direction, at the positions (x j, y j). We simply write
f (z) = µ0
2pii
∑
j
I j
z − z j
, (8)
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and then take the real and imaginary parts of this to find the x and y components of the magnetic
field.
Now, the energy density in a magnetic field is uB = 12µ0 B
2
. So for the magnetic field in the x-
and y-directions, we can write uB = 12µ0 f ∗ f . The total energy stored in the magnetic field is then
U =
1
2µ0
∫
f ∗ f d3r. (9)
The total energy stored in a magnetic field that is created by a system of currents I j is related to
the inductances according to
U =
1
2
∑
j,k
L jkI jIk (10)
where I j is the current in wire j, and L jk is symmetric in its indices, and is the mutual inductance
of wires j and k. Lkk is the self inductance of wire k.
Suppose we add a current In to the system of currents in the z-direction. Let U0 be the energy
stored in the magnetic field in the absence of current In and let U be the energy stored in the
magnetic field in the presence of In. We can then write
U − U0
In
=
1
2
∑
j,n
[
Ln jI j + L jnI j
]
+
1
2
LnnIn =
∑
j,n
Ln jI j +
1
2
LnnIn (11)
Let f0 be the function f (z) in the absence of In and let f be the function f (z) in the presence of In.
Then
U − U0 =
1
2µ0
∫ [
| f |2 − | f0|2
]
d3r (12)
and
f = f0 + µ0In2pii (z − zn) . (13)
Plugging (13) into (12), then dividing by In, we find that
U − U0
In
=
1
4pii
∫ [ f ∗0
z − zn
−
f0
z∗ − z∗n
+
iIn
2pi|z − zn|2
]
d3r (14)
Plugging in the definition of f from (8), we find that
U − U0
In
=
∑
j,n
I j
µ0
8pi2
∫ [
1
(z − z j)(z∗ − z∗n)
+ c.c.
]
d3r + In
µ0
8pi2
∫
1
(z − zn)(z∗ − z∗n)
d3r (15)
Comparing (15) with (11), we arrive at a formulae for both the self inductance and the mutual
inductance. The self inductance is
Lnn =
µ0
4pi2
∫
1
(z − zn)(z∗ − z∗n)
d3r = µ0l
4pi2
∫
1
(z − zn)(z∗ − z∗n)
dxdy, (16)
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and the mutual inductance is
Ln j =
µ0
8pi2
∫  1(z − z j)(z∗ − z∗n) +
1
(z∗ − z∗j)(z − zn)
 d3r
=
lµ0
8pi2
∫  1(z − z j)(z∗ − z∗n) +
1
(z∗ − z∗j)(z − zn)
 dxdy. (17)
The self-inductance, equation (16), can be directly integrated. We note that (z − zn)(z∗ − z∗n) =
(x− xn)2+ (y−yn)2 = r2. Where we set the origin of the coordinate system to the position of wire n
and then converted to polar coordinates. Performing the integration in polar coordinates, we arrive
at the inductance per length of the wire being
Lnn
l =
µ0
4pi2
2pi
∫
Λ
a
1
r2
rdr = µ0
2pi
ln
(
Λ
a
)
. (18)
Here we introduced long range and short range cutoffs for the integration, Λ and a respectively,
and the self-inductance is only written to logarithmic accuracy, as per usual.
The integral for the mutual inductance can also be done, but is a little more involved. Here
again, we find it helpful to set the origin of the x − y coordinate system to the position of wire n,
and then convert to polar coordinates. Let z = reiθ and z j = r jeiφ. Then the integral (17) becomes
Ln j
l =
µ0
8pi2
∫ ∞
0
dr
∫ 2pi
0
dθ
[
1
r − r je−i(φ−θ)
+
1
r − r jei(φ−θ)
]
. (19)
We first perform the integral over θ. We do this via residues. In the first integral on the right hand
side of (19), write u = e−iθ, and then dθ = du
−iu , and the integral becomes a contour integral over
a unit circle in the complex-u plane, traversed in the clockwise direction, call this contour −c. In
the second integral on the right hand side, we write u = eiθ, so dθ = duiu , and the integral becomes
the integral over a unit circle in the complex-u plane, traversed in the counterclockwise direction.
We’ll call this contour c. Performing these contour integrals, we find that the integral over θ in
(19) is ∫ 2pi
0
dθ
[
1
r − r je−i(φ−θ)
+
1
r − r jei(φ−θ)
]
=
{ 4pi
r
r > r j
0 r < r j
(20)
In place of r j, for generalization purpose, we introduce the distance rn j which is the distance
between wires n and j. The mutual inductance per length is given by
Ln j
l =
µ0
2pi
∫
Λ
rn j
dr
r
=
µ0
2pi
ln
(
Λ
rn j
)
, (21)
where we introduced a long range cutoff Λ for the integral over r. Again this is written only to
logarithmic accuracy.
5
We further note that these results are well known, though our method is different. In a future
paper, we hope to apply this formalism to the calculation of inductance in different systems. We
would also like to mention that the similarity between our formalism and the velocity stream
function in fluid flow, with currents being replaced by vorticity4 lead naturally to a nice qualitative
picture of the magnetic field around arrays of wires, or around arrays of currents. In the future,
we would to examine the interplay between the energy density of currents in a solid and the
attraction between parallel current carrying wires. It is our belief that the magnetic field may
break into an array vortices similar in structure to the currents around magnetic flux lines in type
II superconductors, depending on the solid6,7.
ACKNOWLEDGMENTS
The author gratefully acknowledges Luis Pauyac and Emma Diextre for helpful conversations
about this subject.
∗ ecdeyo@fhsu.edu
1 E.T. Whittaker and G.N. Watson A Course of Modern Analysis, 4th Edition (Cambridge, 1950).
2 L.D. Landau, E.M. Lifshitz, L.P. Pitaevskii Electrodynamics of Continuous Media, 2nd Edition, (Perga-
mon, 1984).
3 J.D. Jackson Classical Electrodynamics, 3rd Edition (Wiley, 1999).
4 Horace Lamb Hydrodynamics, 6th Edition (Cambridge, 1932).
5 Julius Stratton Electromagnetic Theory, (Mcgraw-Hill, 1941).
6 A. A. Abrikosov, ”The magnetic properties of superconducting alloys.” Journal of Physics and Chemistry
of Solids, 2(3), (1957).
7 R. Feynman ”Application of quantum mechanics to liquid helium”. Progress in Low Temperature Physics.
Progress in Low Temperature Physics. 1: 1753. (1955).
6
